Let S be a topological semigroup with zero 0, and A a subset of S.
Let S(A) denote the semigroup generated by A, i.e. SiA) = {J°°_iAn. It is trivial that any subset containing 0 is quasi-nilpotent; in particular, the set zV(5) of nilpotent elements of S is quasi-nilpotent. (ii) // A" z's quasi-nilpotent for some n, then A itself is quasi-nilpotent.
Proof, (i) Take a e 5(A) nN(5).
In view of the fact that a"-» 0, we have 0 e SiA), i.e. A is quasi-nilpotent.
(ii) Since SiAn) C SiA) and 0 e SiA"), it follows that 0 e SiA), and the theorem is proved.
We remark that, if A" is nilpotent for some n, then A is also nilpotent, by a similar argument to that given in the proof of Lemma 2. Proof. It is enough to show that x is nilpotent if it is quasi-nilpotent.
Recall that the minimal ideal K(S(x)) of the compact semigroup S(x) contains exactly all cluster points of the sequence (xn) _, (see, for example,
[4, Theorem 3.1.1]). Now K(S(x)) = {0\ since 0 e S(x). Thus the sequence (x ) has a unique cluster point, whence x"->0 as n->oo, completing the proof.
Remark. In what follows 5 will be a compact semigroup with zero 0" Denote by P(S) the set of probability measures (i.e. normalized positive regular Borel measures) on S. For p, v £ P(S), define convolution pv £ P(S) by jf(z) dpv(z) = ff f(xy) dp(x) dv(y)
for all continuous functions / on S, so that P(S) forms a semigroup.
If P(S)
is endowed with the weak topology, i.e. a net (pj in P(S) converges to p £ P(S) if ff(x)dplS\x)->Jf(x)dp(x) for continuous functions / on S, then
The support of p £ P(S), supp p., is the smallest closed set with fi-mass 1. It is well known [3, Lemma 2.1] that, for p, v £ P(S), supp (pv) = (supp p)
• (supp v).
Let T be a subset of P(S) and define its support as the set supp I = M rsupp p. It is easy to see that supp^jT-) = (supp TjXsupp T2) for r1cp(S), r2cp(5). Since the Dirac measure 6 at 0 is a zero in P(S), we can now consider quasi-nilpotent sets in P(S). (ii) IJisuppfi: p eN(P(S))\ = S.
Proof, (i) Take any measure p 4 6 and real number 0 < t < 1. Then the measure tp + (l -t)6 is nilpotent since 0 e supp (tp + (l -t)6) ON(S).
Hence the set N(P(S)) 3 \tp + (l -t)6: 0 < t < 1 \ and so is noncountable.
(ii) Let a £ S. Since 0 e supp y2(8(a) + d)nN(S), it follows that lA(8(a) + 6) £ N(P(S)). That a e supp V2(8(a) + 6) gives the result.
A semigroup with zero is said to be nil if each element is nilpotent.
Theorem 10. P(S) is nil if and only if S is nil. (ii) NiPjS)) = P(S). (ii) Let r e P(S). Clearly 6/n + (n -l)r/n £ N(P(S)) tot any positive integer n. As the sequence (6/n + (n -l)r/zz)°°_1 converges to r, we see that N(P(S)) is dense in P(S).
Corollary 13. Let W be a subset of P(S). If W D N(P(S)), then W is a connected set.
Proof. This follows simply from the previous theorem.
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